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ABSTRACT

A Proximity set S of a graph G is a Split Proximity set if the induced subgraph <V —S§ > s
disconnected. The split-proximity number ng(G) is the minimum cardinality of a split-
proximity set. In this paper, we have obtained bounds for ng(G) in terms of order, size and

other parameters of graphs.
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1.INTRODUCTION

The graphs considered here are finite, undirected, without loops or multiple edges and
connected. Unless otherwise stated, all graphs are assumed to have ‘p’ vertices and ‘q’

edges.

V)

A set S of vertices in graph G is a Proximity set (n —set) of G if G = .

<
N (u) >, where < N(u) > is the subgraph induced by u and all vertices adjacent to u € S,
S{u} is not Proximity set of G. The Proximity number n.(G) of G is a minimum cardinality

ofan — set of G. This parameter is introduced by E. Sampathkumar and P. S. Neeralagi [6].

There are many types of domination numbers in literature [2]. Similarly we can
define different types of Proximity numbers by imposing certain conditions on Proximity

sets and derive some of the properties.
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A Proximity set S is said to be a maximal Proximity set of G if the induced subgraph<
V — S > is not a Proximity set of G. The maximal Proximity number n,,(G) of G is the
minimum cardinality of a maximal Proximity set of G. This parameter is introduced by N.D.

Soneretal [6].
In this chapter, we introduce the concept of SplitProximity as follows :

A Proximity set S of a graph G is a Split Proximity set if the induced subgraph< V —
S > is disconnected. The SplitProximity number ng(G) is the minimum cardinality of a

SplitProximity set.
Thus, we observe that for any graph G,
Y(G) €ne(G) SNg(G) S A(G) v, (D

Y(G) <ys(G) €ng(G) S ae(G).nevvniniiiiiiiiiin (1)

Now we will prove the following results.
2.RESULTS

Theorem A [4] A dominating set D of G is a Split dominating set if and only if there exists

two vertices w;, w, € V — D suchthat w; — w, path contains a vertex of D.
Theorem 2.1 Forany graph G, n.(G) < ng(G)......ooovvvvvviiiinnin. €))

Further the bound is attained if and only if there exists two vertices wy, w, € V — Ssuch

that everyw; — w, path contains a vertex of S where Sis an. — set of G.
Proof: Equation (1) follows from the definition of SplitProximity set.

Further let S be a Proximity set such that there exists two vertices w;, w, € V — § such that
every w; — w, path contains a vertex of S. Then < V — S > is disconnected. Hence S is a

SplitProximity set. This implies n4(G) < n-(G). Then from (1) we have n.(G) = ny(G).

VOLUME 9, ISSUE 1, 2022 PAGE NO: 1786



GIS SCIENCE JOURNAL ISSN NO : 1869-9391

Conversely suppose the bound is attained. Then if S is a Proximity set, it is also a

SplitProximity set. This implies < ¥V — S > is disconnected. Hence there exist two vertices

wy,w, € V — Ssuchthatevery w; — w, path contains a vertex S.

Theorem B [6] :For a graph G, n-(G) = y(G) if and only if there exists a minimum
dominating set S. Such thatevery linein < V — S >belongs to< N (u) > forsomeu € D.

Theorem 2.2 For any graph G,

Vs(G) SNg(G)evvviviniiiiiie e )

Further the bound is attained if and only if there exists a minimum Split dominating set S

such thateverylinein< V — S >belongs to < N(u) > forsomeu € S.

Proof :Since every SplitProximity set is a Split dominating set, hence Split dominating
number is less than SplitProximity number. Suppose the bound is attained. This implies the

condition is satisfied from Theorem 5.A [4].

Conversely, suppose that given condition is satisfied for some Split
dominating set S. Then again by Theorem 5.B [6], S is a Proximity set. Since < V — § > s

disconnected. S is a Split Proximity set and hence from (2) the bound is attained.
Theorem C [6] For any graph G without isolated points,
Y(G) < n:(G) < a-(G)
Theorem 2.3 For any graph G without isolated points,
Ng(G) S A(G)evvvaniiiiiiiiiiiiien, 3)

Further the bound is attained if and only if there exist a Split Proximity set S of G for

which V' — § is independent with at least two vertices.

Proof :Let S be vertex cover of G. Then, V — S is independent with at least two vertices.
This implies, < V — § > is disconnected. Also S is a Proximity set from Theorem 5.C [6].
Hence S is a Split Proximity set of G. This proves that the Split Proximity number is less

than or equal to vertex covering number.
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Now to prove the second part, suppose there exist a Split Proximity set S of G for
which V' — § is independent with at least two vertices. This implies S is a vertex cover of G.
Thus vertex covering number of G is less than or equal to the cardinality of S. Hence from

(3), the bound is attained.

Conversely, suppose equality holds. Then there exists a Split Proximity set S which
is a vertex cover with |S| = a-(G). Then obviously V — S is independent with at least two

vertices.
Theorem D [4] Forany graph G,y < y,
Hence from Theorem 5.1,5.2,5.3,5.C[6] and 5.D [4]
we have,
Y(G) € ne(G) SNg(G) S A(G) v )
Y(G) < ¥s(G) €ng(G) S ae(G).ovvvviii i (D)
Theorem 2.4 For any graph G,
kK(G) Sng(G).ovveeeieiiie 4)
Where k(G) is the connectivity of graph G.
Proof :Let S be a Split Proximity set of G. Then < V — S > is disconnected.
Hence k(G) < ng(G)
Next, we list the exact value of ng(G) for some standard graphs

Theorem 2.5 (i) For a path P, with n vertices,

ny(B) - |5] M2 3ol (5)

(i1) For a circle C, with n vertices,

ny(Cy) — [g] M= Ao (6)
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(ii1) For a wheel W, with n vertices,
ns(W,) =3 M5 (7
(iv) For a bipartite graph, without isolates, with bipartition {v;, v, }
of V(G),
ng(G) < min{|vy|, [va|}oeoeii (8)
Moreover the bound is attained by the graphs K, ,,
Proof:

(1)For a path P,with n vertices where n > 3, every Proximity set is a Split Proximity set.

Hence (5) follows.

(1) For a cycle C,, with n vertices where n > 4, every Proximity set is a Split Proximity set.

Hence (6) follows.

(iii) For a wheel W, with n vertices where n > 5, the vertex with degree p — 1 together with

two non adjacent vertices on the cycle form a Split Proximity set. Hence (7) follows.

(iv) For a bipartite graph with bipartition {V;, V,}of V(G), both the sets with cardinality V;
and V, are Split Proximity sets. Hence (8) follows. Further if it is a complete bipartite graph
then equality holds since forany V;,1=1,2,3,.......

V; — {u}isnota Split Proximity set.

Theorem E [6] For any bipartite graph G without isolated points,
1:(G) = a(G) = B1(6)

Theorem 2.6 For any bipartite graph G without isolated points,

No(G) = Ng(G) = a(G) =B1(G)vvvnvniiiiiiiinn, 9)

Proof : This follows from Theorem 5.E [6] and Result (I)
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Theorem 2.7 A Split Proximity set S is minimal if and only if for each vertex v € S, one of

the following conditions is satisfied
(i) visanisolatein< S >

(i1) There existavertex u € V — S adjacent to v but not adjacent to any vertexw € S

adjacentto v.
(iii) < (V — S) U {v} >is connected.

Proof: Suppose S is minimal, on the contrary, if there existsv € S such that v does not
satisfy any of the given conditions. Then S' = S — {v} is a Proximity set of G from (i) and
(i) and < V — S’ > is disconnected from (iii) This implies S'is Split Proximity set of G.

This is a contradiction. This proves that necessity.

Sufficiency is straight forward.
Theorem F [1] :For any non trivial connected graph G,

a-(G)+p-(G) =p
Theorem 2.8:
1) For any graph G,
Y(G) < ne(G) <ng(G) < (X(G) = D)B(G)nvvvnininaininnnn, (10)

Providedy (G) = 2, where y(G) is the chromatic number of graph G.
i1) If G is bipartite graph which is not totally disconnected, Then,

Y(G) <no(G) €ng(G) S L(G) S x(G)vevveviiiieii (11)
Where G is complement of G.
Proof: Here we need to establish only the upper bound since lower bounds from L.
From Theorem 5.F [1] and the factthatp < x(G)(B-(G))

(See[1]) we have,
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p —B(G) < B-(6)(x(G) — 1)
ie.as(G) < B-(6)(x(6) — 1)
Hence (10) follows from (1) and the fact that a-(G) < B-(G) (x(G) — 1)
If G is bipartite, ¥ (G) = 2. Also (10) implies ng(G) < B-(G)
Hence (11) follows from the facts that ng(G) < B-(G) and B-(G) < x(G)  (See[1]).

Theorem 2.9 For any graph G,

Ifand only if there exits a cut vertex with degree p — 1

Proof :Supposev is cutvertex of G of degree p — 1, then {v} is a Proximity set. Further
since <V — {v} > is disconnected. This implies {v} is a Split Proximity set. Hence

n,(G) =1

Conversely, suppose ngy(G) = 1. Then, obviously there exists a cutvertex which is

adjacent to all vertices. Hence there exists a cutvertex with degree p — 1.
Theorem G [6] For any (p, q) graph G,

p—q+q <n.(G) <p-—AG)
p
s il s @ =p-p@+p

Where go =minimum {q(<D>;D is a minimal dominating set of G}
p- =the number of isolated vertices in G,
B- =set of independent vertices in G.

Theorem 2.10 For any connected (p, q) graph G,

P—q+q Sng(G).ceneiiiiii (13)
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[A(Gp)+1] <Sng(G)<p—LBA(G).ccvvvennnn.. (14)

Proof :The lower bounds in (13) and (14) follow from (1) and Theorem 5.G [6]. To prove
upper bound in (14), we observe that (V — M) is a Split Proximity set where M is the set of
B- independent points of G.

The lower bound in (13) and (14) is attained for the following graph in Figure 5
The upper bound in (14) is attained for any tree

The lower bound in (14) is attained by the following graph in figure 6.
Theorem 2.11

(1) ng(G) > p — A(G)ifthere exista non-cutvertex of degreep — 1

(i1) ng(G) < p — A(G)if G has no triangle.

Proof:

(i) Let G has a non-cutvertexv of degree p — 1. Then A(G) = p — 1. Since v is the non-
cutvertex, ng(G) = 2. Henceng(G) > p — A(G).

(ii) If G has no triangle then ng(G) < p — A(G) from (9) and Theorem 5.G [6].
Now we obtain a Nordhaus-Gaddum type result.
Theorem 2.12 Let G be a graph such thatboth G and G are connected, then
ng(G) +ng(G) S PP —=3)eeeveiiiiiiiin. (15)
Further the bound is attained ifand only if G = P,
Proof :We have ng(G) < a-(G) from (3).
Since both G and G are connected, A(G),A(G) <p — 1

This implies 5-(G), 5-(G) > 2.
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Henceng(G) <p —2
=2(p-D-p
<(2q9-p)
Similarlyng(G) < 2 —p
Thus ng(G) + ns(G) < 2(q+q) —2p
<plp—-1-2p
=p(—3)

Suppose the bound is attained, then ny(G) = 2q — pand ny(G) = 2q — p. This implies
gand § < p.Hence G and G aretrees.i.e.G = P,

Now we will establish a relation between Split Proximity number and maximum Proximity

number.
Theorem 2.13 LetG be a graph with $.(G) = 3 and possess no triangles.
Then,Ng(G) S N (G) v, (16)

Proof :Let S be a maximal Proximity set of G.Then < V — § > is totally disconnected with
atleast two vertices. Thus S is a Split Proximity set. Hence (16) holds.

Theorem H [7] For any graph G,
Ny (G) < a-(G) + 1
Theorem 2.14 LetG be a graph without triangle, then
Np(G) <ng(G) + 1. (17)

Proof :The Proof of (17)follows from (9) and Theorem 5.H [7].
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